In this paper we use the method of generalized gravitational entropy in [6] to construct the dual bulk geometry for a spherical entangling surface, and calculate the Rényi entropy with the dual bulk gravity theory being either Einstein gravity or Lovelock gravity, this approach is closely related to that in [4] . For a general entangling surface we derive the area law of entanglement entropy. The area law is closely related with the local property of the entangling surface. * Electronic address: wuzhong@itp.ac.cn
I. INTRODUCTION
The entanglement entropy is an useful quantity to characterize the non-local property of a quantum field theory. Given a subsystem A, the degree of freedom (DOF) that is only accessible to an observer in A can be described by the density matrix ρ A , which is defined by taking trace over the DOFs outside the region A, i.e., ρ A = trĀρ, whereĀ is the complementary part of the subsystem A, ρ is the density matrix for the whole system.
The entanglement entropy is defined as the von Neumann entropy of the reduced density ρ A : S A = −tr(ρ A log ρ A ), its holographic calculation for a CFT with a gravity dual was proposed in [1] . The entanglement entropy in d-dimensional boundary theory for a spatial region A on a constant time slice is calculated by
where s(A) is the area of the codimension-2 surface in the bulk spacetime which is homologous to the boundary of spatial region A.
The Rényi entropy can also be used as a quantity to describe the entanglement property.
Given the reduced normalized density matrix ρ A , the entanglement Rényi entropy is a series of quantities defined as
where 0 < n < ∞. The entanglement Rényi entropy contains much more information about entanglement. In fact, knowing the Rényi entropy S n only for all integers n we can calculate the full eigenvalues of the reduced density matrix ρ A . The standard way to calculate the entanglement Rényi entropy is using the "replica trick", requiring evaluating the partition function on a singular manifold. The exact results are only known for some simply cases.
The entanglement entropy is just the entanglement Rényi entropy by taking the limit n → 1 in (2) . When considering the holographic approach for the field theory living on the boundary with a gravity dual, it seems that we need to construct the dual bulk geometry for the singular manifold after performing the replica trick by using the dual relation to calculate the partition function. In [2] the author attempts to use the singular bulk space which has the required boundary singular manifold structure to prove the holographic entanglement entropy proposal (1) . However, it is pointed out in [3] that the approach in [2] would produce an incorrect result of the bulk solution, and the entanglement Rényi entropy is also independent of n.
On the other hand, in [4] the authors find the equivalence between the reduced density matrix ρ A of a ball in d-dimensional flat spacetime and the thermal density matrix in background R × H d−1 for CFT living on the boundary. This approach eliminates a singular boundary. One can calculate the thermal entropy in the bulk side, which is a topological black hole with hyperbolic horizon. The entanglement Rényi entropy is also calculable following the same step, which is consistent with the known result in 2-dimensions [5] . But it is not easy to generalize this method to arbitrary entangling surface.
A recent paper [6] establishes a method, named generalized gravitational entropy, to calculate entropy of an Euclidean black hole solution without a Killing vector. The entanglement entropy of an arbitrary spatial subregion for the CFT with a gravity dual is an example of this general case by the gauge/gravity duality. This argument would lead to the proposal (1) beyond the spherical shape [4] [33] . In this paper we first discuss the proof for the spherical entangling surface case, and use the result to calculate the entanglement Rényi entropy, the result is consistent with that in [5] . We also notice the analogy between these two approaches. The generalized gravitational entropy [6] provides us a method to study the entanglement entropy for a general entangling surface. We find that the area law of the entanglement entropy is closely related with the local property of the entangling surface.
This paper is organized as follows. In section II we briefly review the generalized gravitational entropy method and construct the dual bulk geometry for the spherical entangling surface. By using this result we study the entanglement Rényi entropy with a spherical entangling surface in section III. We also notice the relation between the generalized gravitational entropy method and the previous approach [4] . In section IV the area law of the entanglement entropy is derived for a general entangling surface. Section V contains some discussion about the gravity theory without a dual field theory on the boundary and the conclusion.
II. THE GENERALIZED GRAVITATIONAL ENTROPY METHOD
The argument of the generalized gravitational entropy begins with the assumed underlying density matrix ρ in the full quantum gravity theory. In the classical approximation, the trace of ρ can be explained as Euclidean evolution of the gravity system on a "time" τ circle with period 2π. The trace of ρ n is considered as the evolution on a circle with period 2nπ.
Then the entropy of the system can be calculated by the "replica trick". The boundary condition of the system does not necessarily have a U(1) symmetry along the time circle.
We get log trρ by the saddle point approximation, which is the on-shell Euclidean action with the period of the time circle being 2π. log trρ n is also the on-shell Euclidean action, with a new Einstein solution. The new solution is for the spacetime with the time circle τ ∼ τ + 2nπ, while the boundary condition remains the same. The entropy would be one quarter of the area of a special codimension-2 surface where the time circle shrink to zero.
It is shown in [6] that the special surface satisfies the minimal area condition, see [6] for more details.
The above result is related to the holographic entanglement entropy of subregion A in field theory using the gauge/gravity correspondence. The reduced density matrix ρ A can be mapped to the corresponding density matrix ρ for the quantum theory in the bulk.
The "replica trick" is actually the same as we stated above. The entanglement entropy is equal to the gravitational entropy in the bulk, which is related to the special codimension-2 surface. The remaining work is to prove that this codimension-2 surface is homologous to the boundary of subregion A. The holographic entanglement entropy proposal (1) can be derived then. In the next two subsections we will derive the analytical results for the infinite plane and the sphere.
A. An infinite plane
The standard representation of the density matrix ρ A of a spatial subregion A in a field theory is the path integral over the field configurations on spacetime with a cut on the entangling surface ∂A. The entangling surface is defined as the boundary of the subregion A on a constant slice of time. trρ n is the path integral on the spacetime which has a conical defect with a 2nπ at ∂A. The key point of the argument in [6] is that one can use a suitable conformal transformation to ensure that the "time" circle around ∂A does not shrink to zero size. Here "time" is usually not the original time coordinate in the field theory.
Now it is safe to use the "replica trick" without worrying about the appearance of singularity.
Assuming we have a conformal field theory living on the d-dimensional Euclidean space
The subregion A is defined by x > 0. The entangling surface is t = 0, x = 0. We denote the reduced density matrix by ρ A . Now, as is shown in [6] , one can redefine coordinates r, τ , with t = r sin τ and x = r cos τ . The metric of our spacetime is
where Ω = r. The original spacetime is mapped to the manifold R × , where A is the area of the horizon. The remaining work is to show that the horizon is homologous to the entangling surface r = 0, the details are presented in appendix A.
B. A sphere
The entanglement entropy of a sphere is another simple case in which we can get the analytic result by the generalized entropy method. In this section we give the construction of the proof, and the result will be used in section III to study the entanglement Rényi entropy. The general idea is same as the infinite plane case.
We assume that the CFT lives on the flat d-dimensional Euclidean space R d , with metric
Our spatial subregion A is a ball with the entangling surface being S d−2 with radius R = 1 on a constant Euclidean time slice, i.e., t = 0 and r = R. The main work is to find new manifold which has the property that the "time" coordinate do not shrink to zero at the entangling surface. And the new manifold should be conformal to R d . We find the following coordinate transformation:
where the new coordinate 0 < u < ∞ and τ has the period τ ∼ τ + 2π. The subregion A, t = 0 and r < 1, is mapped to τ = 0 and 0 < u < ∞, its complementary part is mapped to τ = π and 0 < u < ∞. Metric (4) is transformed to
where Ω = (cosh u + cos τ ) −1 , divergent on the entangling surface. Factor Ω 2 can be eliminated by conformal transformation, the new manifold is also
The n-th power of the density matrix on S 1 × H d−1 is equal to the path integral of fields on manifold
. The boundary has a well-defined dual bulk geometry. By using the argument in the introduction, the entanglement entropy is obtained, given by
, where A is the area of the horizon of the topological black hole. In appendix A we also show that the horizon is homologous to the entangling surface S d−2 .
III. HOLOGRAPHIC RÉNYI ENTROPY
Actually the method to calculate the holographic entanglement entropy in section II automatically provides us a way to calculate the holographic entanglement Rényi entropy for CFT theories with gravity dual [34] . In this section we will choose the entangling surface to be a sphere with a radius R = 1. As we have noted in section II, the reduced density
According to the definition of Rényi entropy (2),
where I(n) is the on-shell Euclidean action with the period of Euclidean time τ ∼ τ + 2πn.
Now the problem is how to construct the bulk geometry with the period of the Euclidean time being 2nπ. The boundary of the bulk geometry should be S n × H d−1 as discussed in section II. The theory would admit the following form of metric with the asymptotical
f (ρ) is determined by the field equation of the bulk theory we are considering, N is a constant to keep the curvature scale of hyperbolic spatial slices to be R = 1.
in the limit ρ → ∞, which ensures the boundary is conformal to (6) .
The position of the event horizon, where the time circle τ shrinks to zero, of the bulk geometry (9) is determined by f (ρ H ) = 0. Now let's define a new coordinate
The metric (9) becomes
Near the horizon ρ → ρ H , x → 0. The condition that the period of τ is 2nπ requires
Equation (11) fixes the position of horizon ρ H and the solution of the bulk geometry.
As an exercise to show how this works, let us consider the case when the bulk theory is Einstein gravity firstly.
A. Einstein gravity
The d + 1 dimensional Euclidean action of Einstein gravity is
where M denotes the bulk, ∂M is regularized at the infinity boundary ρ = ρ ∞ , the second integral is the standard Gibbons-Hawking term. To keep with previous notation we set the curvature scale of AdS L = 1. Using the equation of motion we get
where C is an integration constant. We notice that the asymptotical condition, lim ρ→∞ f (ρ) = ρ 2 is satisfied for the above solution (12) , so N = 1. By using f (ρ H ) = 0 we get the relation between C and position of the horizon ρ H , i.e.,
H . Formula (11) determines the position of horizon, we get
when n = 1 we have C = 0, the solution is the hyperbolic version of AdS.
Next let us turn to (8) . We must know how to deal with divergence of the Euclidean action. For AdS spacetime there is a natural way to solve the problem. The Euclidean action should contain the following terms.
where the surface term is regularized at the boundary of the bulk on a constant slice of ρ, the counter term depends only on the curvature R and its derivatives on the induced boundary [14] [15] [16] . The counter terms in this method to regularize the action are referred to as Dirichlet counter terms [13] [17] [18] . The form of counter terms are related with the dimension of bulk spacetime. It is impossible to write down the counter term explicitly for general dimensions. Action (12) is already regularized at ρ ∞ , we need to add counter terms to cancel divergence. For example the standard counter term for AdS 3 is
where h is the determinant of the boundary ρ = ρ ∞ . The action is
The entanglement Rényi entropy is
the result is the same as in the field theory approach [7] , as well as by the holographic method [5] . Another example is AdS 5 , the action is
Then we get the entanglement Rényi entropy
In appendix B we also calculate the cases d = 3 and d = 5, the general form for arbitrary dimension is
We will prove this in next subsection. It is interesting to take the limit n → 1, we recover the entanglement entropy
where we have used solution to eq.(14).
B. Lovelock gravity for arbitrary dimension
The Lovelock action in d + 1 dimensions is [19] .
where
B d denotes the boundary term and c d is the suitable constant,
L 2 , α 1 = 1 and others are arbitrary. For later convenience we also define
with λ 0 = 1 and λ 1 = −1. Lovelock theory admits a pure AdS d+1 solution with the curvature scaleL = L/ √ f ∞ , where f ∞ satisfies the following expression
we choose the root f ∞ → 1 in the limit λ p → 0. By using the equation of motion of Lovelock gravity f (ρ) should satisfy the following relation
where µ is the integral constant. At the horizon ρ = ρ H , f (ρ) is vanishing, we get
and
From (27) we obtain the asymptotically behavior of f (ρ) at large ρ,
the constant N in (9) should beL. Plugging (11) into (29) we get the solution of the bulk geometry with the period τ ∼ τ + 2nπ, with the root of the following algebraic equation
It is obvious that the solution for n = 1 is ρ H =L by using eq. (26), which is the location of the horizon of the pure AdS Lovelock solution in the hyperbolic foliation.
The second term in (23) is the boundary term at the infinity ρ = ρ ∞ , and contains the curvature term R and extrinsic curvature term K at the boundary. This would make the variation work well and renormalize the action. These terms, also referred to as the Kounterterms, are discussed in [17] [18] [13] , see appendix B for more details. The action is different for even and odd dimensions, we should discuss them separately. We just quote the renormalized action for even dimension (see appendix B),
where µ is given by (28) and ρ H is the root of (31). Taking ρ H =L and n = 1 we get action
I(1). The entanglement Rényi entropy (2) is
For the odd dimensions the renormalized action does not contain the third term, which is related to the vacuum energy, in the square bracket of (32), see appendix B. This term does not contribute to the entanglement Rényi entropy, so the result in odd dimensions is the same as in even dimensions.
The Gauss-Bonnet gravity (d ≥ 4) is a special case of Lovelock gravity theory with λ 0 = 1,
and other coefficients being zero. The entanglement Rényi entropy is
the result is the same as in [5] . In the limit λ → 0 we get the entanglement Rényi entropy for Einstein gravity in arbitrary dimensions
C. Relation between generalized entropy method and previous approach After tracing over the DOFs of the subregionĀ, i.e., the surface τ = π in the new geometry, the reduced density matrix ρ A is equal to the partition function at temperature T = 1 2π
derived in [4] . The n-th power of ρ A is still a thermal state with temperature T /n. This just tells the fact that the thermal density matrix can arise from entanglement, see [20] .
The two approaches for spheric entangling surface can be viewed as the same phenomenon in different perspectives. But the latter is easily generalized to arbitrary entangling surface.
Our calculation of the entanglement Rényi entropy in this paper is similar to [5] , as expected.
The approach in [4] can be seen as evidence for the generalized gravitational entropy method.
IV. ENTANGLEMENT ENTROPY BEYOND SIMPLE CASE
Our discussion above is about a sphere and an infinite plane, in both cases the dual bulk geometry can be found. For a general entangling surface it is expected that the geometry wll depend on Euclidean time τ , it seems impossible to construct the analytical solution of the bulk geometry. In this section we use the argument of generalized entropy and try to get some results for an entangling surface beyond the simple cases.
Let us first consider the entangling surface to be an infinite stripe in d-dimensional flat spacetime. The subregion A is defined as
where l 0 is infinite. There are two separated entangling surfaces located at x 1 = 0 and
Unlike the infinite plane that we discussed in section II it seems impossible to map the entangling area into a region and keep the metric to be independent of the new time coordinate τ . The dependence on time τ is expected for a general configuration when we try to make a conformal transformation, see [6] . We expect that the boundary defines the bulk geometry and the τ circle shrinks to zero in the bulk. There are surfaces where without knowing the exact form of the bulk geometry we can also get the leading contribution.
The metric of the d-dimensional spacetime can be written as
where z = ix 0 + x 1 . We consider the following transformation,
and define the new coordinate ω = iτ + u. The metric (36) becomes
where Ω 2 = l −2 zz(z − l)(z − l). The subregion A is mapped to τ = π and −∞ < u < +∞, u = −∞(+∞) corresponds to the entangling surface x 1 = 0(l). Its complementary part
A is mapped to τ = 0. This is what we expect. Actually we may find many different transformations to get the desired result. Another argument for the above transformation (37) is that we would obtain the transformation for the infinite plane (3) in the limit l → ∞.
In fact in the limit
we only have one entangling plane located at x 1 = 0.
Although unable to construct the dual bulk geometry with a "time" dependent boundary,
we can analyse its asymptotical behavior. In the limit |u| → ∞, metric (38) is asymptotically conformal to
where ± depends on limit u → −∞(+∞). Near the region |u| ∼ ∞ we define the new coordinate r = le ±u , metric (39) changes to
This is just metric (3) in section 2.1. We expect the dual geometry of (38) is asymptotic to (A5), which is the dual geometry of boundary metric (40). The leading contribution to the entanglement entropy is
denotes the area of the entangling surface, δ is the cut off to regularize the result. This is required by the area law of entanglement entropy. Notice that we have two entangling surfaces here, their leading contributions both have the form of (41).
The contribution is from the region |u| ∼ ∞, near the entangling surfaces. This result confirms the fact that the leading contribution of the entanglement entropy is due to the short distance coupling near the entangling surface. From the transformation we observe that z → 0, the entangling surface, in the limit u → ∞. The new coordinate r = le
, consistent with the coordinate r that is defined in section 2.1. This implies that transformation (37) reduces to simple transformation of the infinite plane (3). This is natural because the entangling surfaces locally look like an infinite plane.
For general entangling surface the metric can be written in Gauss normal coordinates
where y is the coordinate normal to the entangling surface, x i are the ones tangent to the surface. The metric g ij (y, x) = g ij (0, x) + 2yK ij + O(y 2 ) near the surface. The entangling surface is defined by t = 0 and y = 0. The subregion A (y < 0) and its complementary part
A are mapped to a τ = 0 and τ = π by a suitable transformation U, where τ is periodic and encircles the entangling surface. The new geometry is generally time dependent. Our discussion in the above example can be generalized to an arbitrary entangling surface. Metric (42) near the entangling surface is
where new coordinates ξ i satisfy δ ij dξ i dξ j = g(0, x)dx i dx j , "..." are terms are of higher orders. As we have mentioned the local property of the entangling surface is same as an infinite plane. We expect the metric (42) after transformation U would reduce to
near the entangling surface, where y = r cos τ , t = r sin τ , and Ω = r 2 , see the above example. And the dual bulk geometry would also have an asymptotical behavior as the dual geometry of (44) locally. We can glue the different patches smoothly and choose a cut-off r ∼ δ, the leading contribution of the entanglement entropy would be
where r ∼ 0 means the integral region is near the entangling surface and along the entangling surface, and we use | 
V. DISCUSSION AND CONCLUSION
Our above discussion is mainly about the entanglement property of a spatial subregion A on the boundary of the bulk geometry. The generalized gravitational entropy is seen as the the entanglement entropy of more general system, the holographic entanglement entropy is only an example by the AdS/CF T correspondence. For gravity theory with a dual boundary theory the density matrix ρ in the bulk has a well defined map in the boundary field theory.
This motivates a similar explanation for gravity theory without knowing the dual boundary field theory. For a general quantum theory we should know the wave function of the system to define the entanglement property of subregion in it. We follow the proposal of [8] , where the authors consider the eternal version of a Schwarzchild black hole with mass M in 4
dimension. The wave function of the black hole is the Euclidean path integral over field configurations φ on the region −2πM < τ < 2πM, where τ is the Euclidean time with the period 8πM. φ(τ = 0) = φ 1 and φ(τ = 4πM) = φ 2 are the boundary conditions of the wave function. The boundary is the Cauchy surface with the topology R × S 2 . As was shown in [8] , boundaries τ = 0 and τ = 4πM represent the inside and the outside DOFs respectively.
The wave function can be written as a path integral
where I E is the Euclidean action including gravity and matter. With the wave function we can define the reduced density matrix ρ by tracing over DOFs inside the horizon, a path integral on the τ circle with a cut at τ = 8πM. The n-th power of ρ is given by the path integral on another spacetime with τ ∼ τ + 8nπM, similar to the generalized gravitational entropy. But in the new spacetime there is a conical singularity on the surface where the τ circle shrinks to zero [9] . This seems to contradict to the argument of the generalized gravitational entropy. But in fact we may consider the orbifold of the smooth bulk solution M n with τ ∼ τ + 2nπ M n /Z n , then there is a conical defect 8πM(1 − 1/n) ≡ 8πMǫ at the horizon. We can calculate the on-shell actionÎ without considering the effect of the conical defect, then I(n) = nÎ. Actually ∂ ǫÎ is equal to the variance of the action with an opening angle 8πM(1 + ǫ) by ǫ, see the paper [6] [28] . We can use both methods to calculate entropy. But the generalized gravitational entropy offers a physical explanation.
The calculation is simple in the semiclassical approximation . The smooth spacetime with period τ ∼ τ + 8nπM is the Schwarzchild solution with parameter M replaced by nM. The renormalized on-shell action is
, so the entanglement Rényi entropy is
. We find the entanglement entropy S = lim n→1 S n = A 4G
. Actually the on-shell action of the smooth spacetime and the one with a conical singularity are equal in the limit n → 1. The entanglement Rényi entropy due to the generalized gravitational entropy also has a simple and nice relation with the thermodynamical ensemble of the black hole, we can slightly modify the Rényi entropy formula (8) as in [12] 
where T 0 is the temperature of the black hole with parameter M, F (T ) = −T I(n) is the free energy of the system at temperature T , we define the new temperature T = T 0 /n. We observe that T is just the black hole temperature with the period τ ∼ τ + 8nπM. In the
, which is the thermal relation between the free energy and the entropy of the system. Our discussion here is valid only in the semiclassical approximation, it is worth to study whether the on-shell generalized gravitational entropy method gives the same answer as in the off-shell approach at the quantum level when quantum matter appears.
Another interesting thing concerning the entanglement entropy is the the variance of entanglement entropy for excited state that is discussed in many paper recently, e.g., [29] - [32] . It's interesting to consider how to understand the variance of the entanglement entropy by the generalized gravitational entropy.
In this paper we use the generalized gravitational entropy method to study the Rényi entropy and entanglement entropy for a subregion in conformal field theory. For the simple sphere case we find the transformation mapping the region to desired geometry with a bulk dual.
By AdS/CFT correspondence we calculate the entanglement Rényi entropy of the sphere for Einstein gravity. We find that the approach has a close relation with the previous one [4] and confirm the relation between the reduced and the thermal states for the field theory. We also study the entangling surface beyond the simplest case. Although unable to construct the dual bulk geometry for a general case, one can get some information about the entanglement entropy from the local property near the entangling surface. And we derive the famous area law of entanglement entropy by this method.
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APPENDIX Appendix A: Foliation of AdS d+1
In this section we want to complete the last step of the proof for the infinite plane and the sphere, i.e., to show that the horizon, which is a minimal surface, is homologous to the entangling surface. The Euclidean version of AdS d+1 geometry with radius L = 1 can be described by the following surface [4] − y 
The metric in these coordinates is
The asymptotic boundary by taking the limit z → 0 is conformal to R d . We assume our entangling surface is x = 0.
The Euclidean version of AdS d+1 can also be foliated by surfaces with the geometry R×H d−1
as follows.
We can get above metric by embedding surface (A1) into R 
whereρ = ρ 2 − 1. The horizon of the topological black hole sits at ρ = 1 (τ is arbitrary).
y 0 = 0 and y 1 = 0 indicate that the horizon is really homologous to the entangling surface x 0 = 0, x 1 = 0.
Our construction of the bulk geometry is actually the same as the approach in [4] . Unlike the infinite plane we foliate the Euclidean AdS d+1 in a new way to be consistent with boundary (6) . We list the foliation as follows. 
The horizon is ρ = 1(τ is arbitrary). According to (A3) we get 1 z = cosh u and r
The surface would reach the boundary of AdS d+1 as z → 0, or equally u → ∞. We get r → 1 in this limit, which is just what we want to show. The horizon satisfies the constraint equation r 2 + z 2 = 1, which is the minimal surface derived from (1) [25] [24] .
Taking (30) and (B13) into (B14), we get the surface term in the form of a series in ρ, and one could find the infinity term of I bulk and I surf ace are canceled. The renormalized action of Lovelock gravity for odd dimension is
The method to deal with an even dimensional case is similar. The result of the renormalized action is
it is obvious that the third term in (B15) does not appear in even dimensions.
